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Abstract 

It is shown that the efTective five-dimensional theory of the strongly coupled heterotic string 
is a gauged version of = 1 five-dimensional supcrgravity with four-dimensional boundaries. 
For the universal supermultiplets, this theory is explicitly constructed by a generalized dimen- 
sional reduction procedure on a Calabi-Yau manifold. A crucial ingredient in the reduction is 
the retention of a "non-zero mode" of the four-form field strength, leading to the gauging of 
the universal hypermultiplet by the graviphoton. We show that this theory has an exact three- 
brane domain wall solution which reduces to Witten's "deformed" Calabi-Yau background upon 
linearization. This solution consists of two parallel three-branes with sources provided by the 
four-dimensional boundary theories and constitutes the appropriate background for a reduc- 
tion to four dimensions. Four-dimensional space-time is then identified with the three-brane 
worldvolume. 
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1 Introduction 



The strongly coupled Eg x heterotic string has been identified as the eleven-dimensional limit of 
M-theory compactified on an /Z2 orbifold with a set of Eg gauge fields at each ten-dimensional 
orbifold fixed plane ||l|, ^. Witten has shown that there exists a consistent compactification of 
this M-theory limit on a deformed Calabi-Yau threefold, leading to a supersymmetric = 1 
theory in four dimensions |^]. Matching at tree level to the phenomenological gravitational and 
grand-unified couplings |3|, one finds the orbifold must be larger than the Calabi-Yau radius, 
which is of the order of the eleven-dimensional Planck length. This suggests that there is a regime 
where the universe appears five-dimensional. It is then important to find the five-dimensional 
effective action, describing the low-energy physics of the strongly coupled heterotic string and which 
underlies phenomenologically relevant four-dimensional = 1 supergravity models. Furthermore, 
this theory constitutes a new setting for early universe string (M-theory) cosmology, which has 
traditionally been studied in the framework of the four-dimensional effective action. Although some 
formal and phenomenological aspects of the strongly coupled heterotic string have been studied in 
the literature a derivation of the five-dimensional effective action from Hofava- Witten 

theory, and a detailed discussion of its properties, have remained missing. (Some aspects of five- 
dimensional physics, however, were considered in |Q, 

In the present paper, we derive this effective five-dimensional theory for the universal bulk 
fields; that is, the gravity supermultiplet and the universal hypermultiplet. We shall show that 
the relevant consistent reduction from eleven to five dimensions on a Calabi-Yau manifold requires 
the inclusion of non-zero values of the 4-form field strength in the internal Calabi-Yau directions. 
This leads to a gauged five-dimensional supergravity action with a potential term that has not 
previously been constructed. More precisely, given the universal hypermultiplet coset manifold 
Mq = SU{2, l)/SU{2) X C/(l), we find that a subgroup U{1) C SU{2) x U{1) is gauged, with the 
vector field in the gravity supermultiplet as the corresponding gauge boson. Owing to the potential, 
flat space is not a solution of this five-dimensional theory without the Calabi-Yau space decom- 
pactifying. However, the equations of motion do admit a three-brane solution that preserves half of 
the remaining D = 5 supersymmetries where the Calabi-Yau remains compact. This is supported 
by source terms on the fixed orbifold planes of the five-dimensional space. This BPS three-brane 
constitutes the "vacuum" of the five-dimensional theory and it is the appropriate background for 
a further reduction to four-dimensional = 1 supergravity theories. In such a reduction, four- 
dimensional space-time becomes identified with the three-brane world volume. We will show that 
the linearized version of this three-brane corresponds to Witten's "deformed" Calabi-Yau solution, 
which was constructed only to first non-trivial order in powers of the eleven-dimensional Newton 
constant. Thus, our solution represents a generalization of this original background, as it is an 
exact solution of the effective low energy theory. The inversion of the Hofava- Witten construction 
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24, 31 



by first performing a generalized Kaluza-Klein reduction from eleven down to five dimensions, and 
then finally from five to four dimensions, is more natural for two reasons. First, as noted above, 
the scale of the fifth dimension is larger than that of the Calabi-Yau manifold. Secondly, the gen- 
eralized Kaluza-Klein reduction is a consistent truncation, meaning that, from the point of view 
of the bulk theory, the heavy Calabi-Yau modes can simply be consistently set to zero without in- 
ducing higher-order corrections. The reduction from five to four dimensions will, however, require 
carefully integrating out the non-trivial five-dimensional modes, giving rise to higher-order correc- 
tions of potential phenomenological interest. The relation between Witten's deformed Calabi-Yau 
solution and the five-dimensional domain wall solution can also be described using brane language. 
As we will see, there is a natural interpretation of Witten's solution as a collection of five-branes 
wrapped on two-cycles of the Calabi-Yau space and lying in the orbifold fixed planes. Reduced to 
five dimensions, these then become three-branes spanning the orbifold fixed planes. 

In summary, we argue that it is a gauged version of five-dimensional supergravity that is the 
correct arena for considering the effective action of the strongly coupled Eg x Eg heterotic string in 
the intermediate energy range. This effective theory has three-brane domain-wall BPS solutions, 
with the three-brane worldvolume corresponding to the orbifold planes. These solutions represent 
the correct background for making contact with four-dimensional low-energy physics. 

Let us now summarize our conventions. We will consider eleven-dimensional spacetime com- 
pactified on a Calabi-Yau space X, with the subsequent reduction down to four dimensions ef- 
fectively provided by a double-domain- wall background, corresponding to an S^/Z2 orbifold. We 
use coordinates with indices I, J,K, - ■ ■ = 0, • • • , 9, 11 to parameterize the full 11-dimensional 
space Mil. Throughout this paper, when we refer to orbifolds, we will work in the "upstairs" 
picture with the orbifold S^/Z2 in the x-^^ -direction. We choose the range x^^ G [— vrp, vrp] with 
the endpoints being identified. The Z2 orbifold symmetry acts as x^^ —x^^. Then there exist 
two ten-dimensional hyperplanes fixed under the Z2 symmetry which we denote by M|q , i = 1,2. 
Locally, they are specified by the conditions x^^ = 0, irp. Barred indices I, J, K , ■ ■ ■ = 0, • • • ,9 
are used for the ten-dimensional space orthogonal to the orbifold. Upon reduction on the Calabi- 
Yau space we have a five-dimensional spacetime M5 labeled by indices a, /3, 7, • • • = 0, • • • , 3, 11. 
The orbifold fixed planes become four-dimensional with indices /i, z^, p, • • • = 0, • • • ,3. We use in- 
dices A, B,C, ■ ■ ■ = 4, • • • 9 for the Calabi-Yau space. The 11-dimensional Dirac-matrices with 
{r^,r"^} = 2g^'^ are decomposed as = {7" (8) A, 1 A"^} where 7" and A^ are the five- and 
six-dimensional Dirac matrices, respectively. Here, A is the chiral projection matrix in six dimen- 
sions with A^ = 1. Spinors in eleven dimensions will be Majorana spinors with 32 real components 
throughout the paper. In five dimensions we use symplectic-real spinors [35| where i = 1,2 is 
an SU (2) index, corresponding to the automorphism group of the = 1 supersymmetry algebra 



in five dimensions. We will follow the conventions given in |36]. Fields will be required to have a 
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definite behaviour under the orbifold symmetry in D = 11. We demand a bosonic field $ to be 
even or odd; that is, <I>(x^^) = ib$(— x^^). For a spinor ^' the condition is rii'I'(— x^^) = ^(x^^) so 
that the projection to one of the orbifold planes leads to a ten-dimensional Majorana-Weyl spinor 
with positive chirality. Similarly, in five dimensions, bosonic fields will be either even or odd. We 
can choose a basis for the SU{2) automorphism group such that symplectic-real spinors ip^ satisfy 
the constraint ^iiip'^{—x^^) = (T^y-ip^ (x^^) where are the Pauli spin matrices, so = diag(l, — 1). 



2 The strongly coupled heterotic string and Calabi— Yau solutions 



To set the scene for our later discussion, we will now briefly review the effective description of 
strongly coupled heterotic string theory as 11-dimensional supergravity with boundaries given by 
Hofava and Witten 0, §]. In addition, we present, in a simple form, the solutions of this theory |^ 
appropriate for a reduction to = 1 theories in four dimensions using the explicit form of these 



solutions given in ref. |20|. 

The bosonic part of the action is of the form 



S = SsG + Sym 



(2.1) 



where Ssg is the familiar 11-dimensional supergravity 



SsG 



2^2 



A/1 



and Sym are the two Eg Yang-Mills theories on the orbifold planes explicitly given by 
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(2.3) 



Here Fjj are the two gauge field strengths and Cjjk is the 3-form with field strength Gjjk l = 
24: d^jCjxL]- 111 order for the above theory to be supersymmetric as well as anomaly free, the 
Bianchi identity for G should receive a correction such that 



(dG), 
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|j(l)5(^ll) + j(2)5(^ll_^^)| 



IJKL 



(2.4) 



^We note that there is a debate in the literature about the precise value of the Yang-Mills coupling constant in 
terms of k. While we quote the original value |^ ^ the value found in ref. 0] is smaller. In the second case, 



the coefficients in the Yang-Mills action (2.3) and the Bianchi identity (2.4) should both be multiplied by 2 



This potential factor will not be essential in the following discussion as it will simply lead to a redefinition of the 
five-dimensional coupling constants. We will comment on this point later on. 



where the sources are given by 

J(*) = (^trF(*) A F» - ^tri? A Rj . (2.5) 

Under the Z2 orbifold symmetry, the field components gjj, 511,11, Cjjn are even, while gjn, Cjjp^ 
are odd. We note that the above boundary actions contain, in addition to the Yang-Mills terms, 
tri?'^ terms which were not part of the original theory derived in It was argued in ref. 
that these terms are required by supersymmetry, since they pair with the E? terms in the Bianchi 
identity ( p.4[ ) in analogy to the weakly coupled case. The existence of these terms will be of some 
importance in the following. 

One way to view this theory is to draw an analogy between the orbifold planes and D-branes 
in type II theories. A collection of Dp-branes is described by a U{N) gauge theory. The Dp-brane 
charge is measured by trl = N , while exciting a D(p — 2)-brane charge corresponds to having a 
non-trivial trF, and a D(p — 4)-brane charge corresponds to non-trivial tiF A F and so on |38|. 
Similarly, if the original D-branes are on a curved manifold then there is also an induced charge 



for lower-dimensional branes given by iiR A R and higher even powers |39|. Applying this picture 
to our situation, the role of the U{N) gauge field on the Z)-brane worldvolume is here played by 
the Eg gauge fields on the orbifold planes. The correction to the Bianchi identity then has the 
interpretation of exciting an M5-brane charge in the orbifold plane. In ref. |jl3| this picture has 
been made explicit by constructing a gauge five-brane in this theory. 

We would now like to discuss solutions of the above theory which preserve four of the 32 
supercharges leading, upon compactification, to four dimensional = 1 supergravities. This task 
is significantly complicated by the fact that the sources in the Bianchi identity ( |2.4| ) are located on 
the orbifold planes with the gravitational part distributed equally between the two planes. While 
the standard embedding of the spin connection into the gauge connection 

tj-pW A f(^) =trRAR (2.6) 

leads to vanishing source terms in the weakly coupled heterotic string Bianchi identity (which, in 
turn, allows one to set the antisymmetric tensor gauge field to zero), in the present case, one is left 
with non-zero sources ibtri? A R on the two hyperplanes. As a result, the antisymmetric tensor 
field G and, hence, the second term in the gravitino supersymmetry variation 

/2 

6^1 = Diri + y— {TuKLM - ^9ijTklm) G^^^^'^r? + • • • , (2.7) 

zoo 

do not vanish. Thus, straightforwardly compactifying on a Calabi-Yau manifold no longer pro- 
vides a solution to the Killing spinor equation 5^ i = 0. The problem can, however, be treated 
perturbatively in powers of the 11-dimensional Newton constant k. To lowest order, one can start 
with a manifold X x /Z2 x M4 where X is a Calabi-Yau three-fold and M4 is four-dimensional 
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Minkowski space. This manifold has an x^^-independent (and hence chiral) Killing spinor 77 which 
corresponds to four preserved supercharges. Then, one can determine the first order corrections to 
this background and the spinor r] so that the gravitino variation vanishes to order k^^^. 

The existence of such a distorted background solution to order k^/^ has been demonstrated in 
ref. 1^]. To see its explicit form, let us start with the zeroth order metric 

dsl^ = 7]^^dx^dx'' + Rlidx^^f + VQ^'-^nABdx'^dx^ , (2.8) 

where ^ab is a Calabi-Yau metric with Kahler form uj^i = i^^i- (Here a and b are holomorphic 
and anti-holomorphic indices.) To keep track of the scaling properties of the solution, we have 
introduced moduli Vq and Rq for the Calabi-Yau volume and the orbifold radius, respectively. It 
was shown in |Q] that, to order k^^^, the metric can be written in the form 

dsl^ = (1 + b)r]^^dx^dx^ + Rl{l + 7)(rfx")2 + V^'^^i^AB + hAB)dx^dx^ (2.9) 

where the functions 6, 7 and Hab depend on x^^ and the Calabi-Yau coordinates. Furthermore, 
as we have discussed, Gabcd and Gabcu receive a contribution of order k?/^ from the Bianchi 
identity source terms. To get the general explicit form of the corrections, one has to solve the 
relations given in ref. Q. This can be done by dualizing the antisymmetric tensor field and using 
a harmonic expansion on the Calabi-Yau space [pC|]. 

Here, we quote those results simplified in two essential ways. First, we drop all terms corre- 
sponding to non-zero eigenvalue harmonics on the Calabi-Yau space. These terms will be of no 
relevance to the low energy theory, since they correspond to heavy Calabi-Yau modes which de- 
couple at this order. Second, we write only the one massless term that is related to the Calabi-Yau 
breathing mode. This will be sufficient for all applications dealing only with the universal moduli. 
Given these simplifications, the corrections are explicitly 

b = -—RQV~^'^a{\x^^\-Tip/2) (2.10a) 
3 

7 = ^i?oV'^'"(k"|-^P/2) (2.10b) 
/2 

hAB = ^R^V-'''^a{\x^^\-T:p/2)VLAB (2.10c) 

Gabcd = \aeABCD^^ ujef t{x^^) (2.10d) 
Gabcu = (2.10e) 

with 

1 / K \ 2/3 

a 



J w A tri?(^) A , v = JVn. (2.11) 



8V2-KV V47r/ 

Here e{x^^) is the step function which is -|-1 (—1) for x^^ positive (negative). Note that, by dropping 
the massive modes, these expressions take a very simple form representing a linear increase of the 
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corrections along the orbifold. Even more significantly, and unlike the exact solution including 
the heavy modes, the above approximation leads to a corrected metric ^ab + hAB that is still of 
Calabi-Yau type at each point on the /Z2 orbifold. The Calabi-Yau volume (and, if all moduli 
are included, also its shape), however, is continuously changing across the orbifold. More generally, 
one can think of the internal part of the corrected metric as a curve in the Calabi-Yau moduli 
space. 

Returning to the D-brane perspective, one can view the above configuration as the linearized 
solution for a collection of five-branes embedded in the orbifold planes. The relation (|2.6| ) fixes 
equal amounts of five-brane charge, ^tiR A R, on each orbifold fixed plane, where the five-branes 
are confined to live. Since tri? A i? G we can associate a different five-brane charge for 

each independent element of H'^'^{X). The five-branes themselves are associated with Poincare 
dual cycles. Thus they span the non-compact four-dimensional space together with a two-cycle in 
the Calabi-Yau space. In particular, from the five-dimensional point of view, they are three-branes 
localized on the orbifold planes. Witten's construction ensures that this configuration of branes 
preserves one-eighth of the supersymmetry. Finally, restricting to just the Calabi-Yau breathing 
modes corresponds to keeping only the five-brane which spans the holomorphic two-cycle in the 
Calabi-Yau defined by the Kahler form. 



3 The five— dimensional effective action 

Phenomenologically, there is a regime where the universe appears five-dimensional. We would, 
therefore, like to derive an effective theory in the space consisting of the usual four space-time 
dimensions and the orbifold, based on the background solution discussed in the previous section. 
As we have already mentioned, we will consider the universal zero modes only; that is, the five- 
dimensional graviton supermultiplet and the breathing mode of the Calabi-Yau space, along with 
its superpartners. These form a hypermultiplet in five dimensions. Furthermore, to keep the 
discussion as simple as possible, we will not consider boundary gauge matter fields. This simple 
framework suffices to illustrate our main ideas. The general case will be presented elsewhere [^]. 
Naively, one might attempt to perform the actual reduction directly on the background given 



in eqs. ( p.9D and (2.10). This would, however, lead to a complicated five-dimensional theory with 
explicit x^^-dependence in the action. Moreover, this background preserves only four supercharges 
whereas the minimal supergravity in five dimensions {N = 1) is invariant under twice this amount 
of supersymmetry. 

A useful observation here is that, since we retain the dependence on the orbifold coordinate, we 
can actually absorb the metric deformations in ( |2.9| ) and ( |2.1C1| ) into the five-dimensional metric 
moduli. That is, the x^^-dependent scale factors b and 7 of the four-dimensional space and of the 
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orbifold can be absorbed into the five-dimensional (Einstein frame) metric Qa/s while, analogously, 
the variation of the Calabi-Yau volume along the orbifold encoded in Hab can be absorbed into a 
modulus V. 1^ More precisely, we can perform the Kaluza-Klein reduction on the metric 

dsl^ = V^^/'^g^pdx^'dx'^ + V^^^nABdx^dx^ . (3.1) 

This rewriting suggests a change of perspective: rather than reducing on the Witten vacuum, 
we can try to find an effective five-dimensional theory where we recover the Witten vacuum as a 
particular solution. 

We see that, since we have absorbed the deformation into the moduli, the background corre- 
sponding to the metric ( p.l[ ) preserves eight supercharges, the appropriate number for a reduction 
down to five dimensions. It might appear that we are simply performing a standard reduction of 
11-dimensional supergravity on a Calabi-Yau space to five dimensions; for example, in the way 



described in ref. |41|. If this were the case, then it would be hard to understand how the resulting 
five-dimensional theory could encode any information about the deformed Calabi-Yau background. 
There are, however, two important ingredients that we have not yet included. One is obviously 
the existence of the boundary theories. We will return to this point shortly. First, however, let us 
explain a somewhat unconventional addition to the bulk theory that must be included. 

Although we could absorb all metric corrections into the five-dimensional metric moduli, the 
same is not true for the 4-form field. Specifically, for the nonvanishing component Gabcd in 



eq. ( 2.10| d) there is no corresponding zero mode field ^. Therefore, in the reduction, we should take 



this part of G explicitly into account. In the terminology of ref. [42|, such an antisymmetric tensor 
field configuration is called a "non-zero mode" . More generally, a non-zero mode is a background 
antisymmetric tensor field that solves the equations of motion but, unlike antisymmetric tensor 
field moduli, has nonvanishing field strength. Such configurations, for a p-form field strength, can 
be identified with the cohomology group HP{M) of the manifold M and, in particular, exist if this 
cohomology group is nontrivial. In the case under consideration, the relevant cohomology group 
is H'^(X) which is nontrivial for a Calabi-Yau manifold X since gain, the form 



of Gabcd in eq. ( 2.10| d) is somewhat special, reflecting the fact that we are concentrating here on 



the universal moduli. In the general case, Gabcd would be a linear combination of all harmonic 
(2, 2)-forms. 

The complete configuration for the antisymmetric tensor field that we use in the reduction is 



^Note that we could not apply a similar method for a reduction down to four dimensions, as all moduli fields 
would then be x^^ independent. In this case, one should work with the background in the form (2.9), (2.10) as done 



in ref. |20). 

^This can be seen from the mixed part of the Bianchi identity daGABCD = which shows that the constant a in 



eq. (2.1C) cannot be promoted as stands to a five-dimensional field. It is possible to dualize in five dimensions so the 



constant a is promoted to a five-form field, but we will not pursue this formulation here. 
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given by 



6 

and the non-zero mode is 



CaAB = Q-AatOAB , Gaf3AB = ^ajS^AB , ^ajS = daAp — dpAa (3.2) 
CaBC = -;:i^ABC 1 GaABC = da^UJABC 



GaBCD = -^^ABCD^^ ^EFi{x^^) ■, (3.3) 


where a was defined in eq. (|2.11| ). Here, u>abc is the harmonic (3, 0) form on the Calabi-Yau space 
and ^ is the corresponding (complex) scalar zero mode. In addition, we have a five-dimensional 
vector field Aa and 3-form Cq,^^, which can be dualized to a scalar a. The total bulk field content 
of the five-dimensional theory is then given by the gravity multiplet {gap^Aa^^a) together with 
the universal hypermultiplet (V, cr, ^, ^, C*) where ip]^ and Q are the gravitini and the hypermultiplet 
fermions respectively and i = 1,2. Prom their relations to the 11-dimensional fields, it is easy to 
see that 511,11, Au^ a must be even under the Z2 action whereas g^n, A/j,, £, must be odd. 

Examples of compactifications with non-zero modes in pure 11-dimensional supergravity on 
various manifolds including Calabi-Yau three-folds have been studied in ref. |^]. There is, however, 
one important way in which our non-zero mode differs from other non-zero modes in pure 11- 
dimensional supergravity. Whereas the latter may be viewed as an optional feature of generalized 
Kaluza-Klein reduction, the non-zero mode in Hofava-Witten theory that we have identified cannot 



be turned off. This can be seen from the fact that the constant a in expression (3^) cannot be 
set to zero, unlike the case in pure 11-dimensional supergravity where it would be arbitrary, since 
it is fixed by eq. ( ^.11 ) in terms of Calabi-Yau data. This fact is, of course, intimately related 



to the existence of the boundary source terms, particularly in the Bianchi identity (2.4). As we 
will see, keeping the non-zero mode in the derivation of the five-dimensional action is crucial to 
finding a solution of this theory that corresponds to the deformed Calabi-Yau space discussed in 
the previous section. 

Let us now turn to a discussion of the boundary theories. In the five-dimensional space M5 of 
the reduced theory, the orbifold fixed planes constitute four-dimensional hypersurfaces which we 

(i) 

denote by M^ ', i = 1,2. Clearly, since we have used the standard embedding, there will be an Eq 
gauge field A^^^^ accompanied by gauginos and gauge matter fields on the orbifold plane M^^\ For 

simplicity, we will set these gauge matter fields to zero in the following. The field content of the 

(2) (2) 
orbifold plane consists of an Eg gauge field Ajj, and the corresponding gauginos. In addition, 

there is another important boundary effect which results from the non-zero internal gauge field 



and gravity curvatures. More precisely, note that 



2/3 



a , 



(3.4) 



In view of the boundary actions (|2.3| ), it follows that we will retain cosmological type terms with 
opposite signs on the two boundaries. Note that the size of those terms is set by the same constant 
a, given by eq. ( 2.11| ), which determines the magnitude of the non-zero mode. The boundary 
cosmological terms are another important ingredient in reproducing the 11-dimensional background 
as a solution of the five-dimensional theory. 

We can now compute the five-dimensional effective action of Hoi^ava-Witten theory. Using the 
field configuration (3.1)-(3.4) we find from the action (|2.lD-(p?3D that 



5*5 — S'grav + S] 



'hyper 



bound 



(3.5) 



where 



S, 



grav 



'hyper 



1 

1 

J Ms 



2" ap-'' -r y^a-rp-yJ-Se 



(3.6a) 
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bound 



(3.6b) 



1 
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(i) 



-5^trF« 



(3.6c) 



In this expression, we have now dropped higher-derivative terms. The 4-form field strength Gap^/S 
is subject to the Bianchi identity 



|j(l)5(^ll) + j(2)5(^ll_^^)| 



(3.7) 



4\/27rQGUT 

which follows directly from the 11-dimensional Bianchi identity (|2.4| ). The currents J*-*^ have been 
defined in eq. (2.5). The five-dimensional Newton constant K5 and the Yang-Mills coupling acuT 
are expressed in terms of 11-dimensional quantities as 

, k2 k2 /47r\2/3 



^The following relations are given for the normalization of the 11-dimensional action as in eq. ( ^.l[ ). If instead the 
normalization of is used the expression for acuT gets rescaled to acuT = 2^/'' (K^/2ti) (Itt/k)^'''' Otherwise the 
action and Bianchi identities are unchanged, except that in the expression (3.4) for a the RHS is multiplied by 2^^^ . 
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We have checked the consistency of the truncation which leads to the above action by an expHcit 
reduction of the 11-dimensional equations of motion to five dimensions. Note that the potential 
terms in the bulk and on the boundaries arise precisely from the inclusion of the non-zero mode 
and the gauge and gravity field strengths, respectively. Since we have compactified on a Calabi- 
Yau space, we expect the bulk part of the above action to have eight preserved supercharges and, 
therefore, to correspond to minimal = 1 supergravity in five dimensions. Accordingly, let us 



compare the result ( |3.6| ) to the known = 1 supergravity-matter theories in five dimensions |34, 
36|, g, |5|. 

In these theories, the scalar fields in the universal hypermultiplet parameterize a quaternionic 
manifold with coset structure M.q = SU{2,1)/ SU{2) x U{1). Hence, to compare our action to 
these we should dualize the three-form Ca/s-y to a scalar field a by setting (in the bulk) 

Ga(3ys = -^V-h^p^Se (9V - i{^d'^ - - 2a^^) . (3.9) 



Then the hypermultiplet part of the action ( |3.6[ b) can be written as 

" (3.10) 



-^hyper — 2/^2 ^ "/"^ 



Ms 



where = (V^,o", ^,^). The covariant derivative is defined as V^g" = daQ^ + aAak^ with 
k'^ = (0,-2,0,0). The sigma model metric h^v = dudyKq can be computed from the Kahler 
potential 

KQ = -ln{S + S-2CC) , S = V + C^+ia, C = ^. (3.11) 

Consequently, the hypermultiplet scalars parameterize a Kahler manifold with metric huv It 
can be demonstrated that is a Killing vector on this manifold. Using the expressions given in 
ref. 1^^, one can show that this manifold is quaternionic with coset structure A4q. Hence, the terms 
in eq. ( ^.10 ) that are independent of a describe the known form of the universal hypermultiplet 



action. How do we interpret the extra terms in the hypermultiplet action depending on a? A 
hint is provided by the fact that one of these a-dependent terms modifies the fiat derivative in the 
kinetic energy to a generalized derivative Vq,. This is exactly the combination that we would need 
if one wanted to gauge the U (1) symmetry on Mq corresponding to the Killing vector fc", using the 
gauge field Aa in the gravity supermultiplet. In fact, investigation of the other terms in the action, 
including the fermions, shows that the resulting five-dimensional theory is precisely a gauged form 
of supergravity. Not only is a U{1) isometry of Mq gauged, but at the same time a U{1) subgroup 
of the SU{2) automorphism group is also gauged. 

What about the remaining a-dependent potential term in the hypermultiplet action? From 
D = 4:, N = 2 theories, we are used to the idea that gauging a symmetry of the quaternionic 
manifold describing hypermultiplets generically introduces potential terms into the action when 
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supersymmetry is preserved (see for instance 1^31 )• Such potential terms can be thought of as the 
generahzation of pure Fayet-Ihopoulos (FI) terms. This is precisely what happens in our theory as 
well, with the gauging of the U{1) subgroup inducing the a-dependent potential term in ( p.lO| ). 
The general gauged action will be discussed in more detail in [^0|. Certain pure FI terms were 
previously considered in |Q, but, to our knowledge, such a theory with general gauging has not 
been constructed previously in five dimensions. 

The phenomenon that the inclusion of non-zero modes leads to gauged supergravity theories 



has already been observed in type II Calabi-Yau compactifications |48, 49 1. From the form of the 
Killing vector, we see that it is only the scalar field a, dual to the 4-form Gap-yS, which is charged 
under the U{1) symmetry. Its charge is fixed by a. We note that this charge is quantized since, 
suitably normalized, tiR A is an element of H'^''^{X, Z). In the brane description of the theory, 
this is a reflection of the fact that the five-brane charge is quantized. 

To analyze the supersymmetry properties of the solutions shortly to be discussed, we need 
the supersymmetry variations of the fermions associated with the theory (|3.5|). They can be 



obtained either by a reduction of the 11-dimensional gravitino variation (2.7) or by generalizing the 
known five-dimensional transformations [p6| , ^ by matching onto gauged four-dimensional N = 2 
theories. It is sufficient for our purposes to keep the bosonic terms only. Both approaches lead to 

5C = ^.£' + ^(7/^-4.5^7") W-^^"'^'(^"e(ri-ir2)V-a„e(ri+ir2)V 

SC = ^Ve-f'^'^G^p,s%e'-'-V-'/^r[d^an-iT2y^ + d^^{n + iT2)%)^ (3.12) 
+ '-V-^7pd^Ve' - -!=aF-ie(x")(T3)Ve^' 

where are the Pauli spin matrices. 

In summary, we see that the relevant five-dimensional effective theory for the reduction of 
Hofava-Witten theory is a gauged = 1 supergravity theory with bulk and boundary potentials. 
While we have calculated the theory only to order k^^^, one would expect that M-theory corrections 
can be described in the same type of theory. For this reason, it would be very desirable to construct 
the most general gauged five-dimensional = 1 supergravity theory coupled to general = 1 
four-dimensional boundary theories with vector and chiral multiplets |4^ . In the context of global 
supersymmetry, such boundary theories in five dimensions have been studied in ref. [^]. In this 
paper, we content ourselves with having identified some of the crucial generalizations that would 
be required. 
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4 The domain— wall solution 



Let us recapitulate what we have done so far. To arrive at a simple form for the five dimensional 
effective action, we have absorbed the deformation of the Calabi-Yau background metric into 
the five-dimensional moduli. Effectively, we could then carry out the reduction on a Calabi-Yau 
space but had to explicitly keep the antisymmetric tensor part of the background as a non-zero 
mode in the reduction. As a consequence, although Witten's original background preserved only 
four supercharges, the effective bulk theory has twice that number of preserved supercharges, 
corresponding to minimal = 1 supergravity in five dimensions. For consistency, we should now 
be able to find the deformations of the Calabi-Yau background as solutions of the effective five- 
dimensional theory. These solutions should break half the supersymmetry of the five-dimensional 
bulk theory and preserve Poincare invariance in four dimensions. Hence, we expect there to be a 
three-brane domain wall in five dimensions with a worldvolume lying in the four uncompactified 
directions. This domain wall can be viewed as the "vacuum" of the five-dimensional theory, in the 
sense that it provides the appropriate background for a reduction to the D = 4:, N = 1 effective 
theory. 

This expectation is made stronger if we recall the brane picture of Witten's background. We 
argued that this could be described by five-branes with equal amounts of five-brane charge living on 
the orbifold planes. From the five-dimensional perspective, the five-branes appear as three-branes 
living on the orbifold fixed planes. Thus, in five dimensions, Witten's background must correspond 
to a pair of parallel three-branes. 



We notice that the theory ( |3.5D has all of the prerequisites necessary for such a three-brane 
solution to exist. Generally, in order to have a. {D — 2)-brane in a D-dimensional theory, one 
needs to have a (D — l)-form field or, equivalently, a cosmological constant. This is familiar 
from the eight -brane in the massive type IIA supergravity in ten dimensions |5l|, and has been 
systematically studied for theories in arbitrary dimension obtained by generalized (Scherk-Schwarz) 
dimensional reduction [B^. In our case, this cosmological term is provided by the bulk potential 



term in the action (3^). From the viewpoint of the bulk theory, we could have multi three-brane 
solutions with an arbitrary number of parallel branes located at various places in the x^^ direction. 
As is well known, however, elementary brane solutions have singularities at the location of the 
branes, needing to be supported by source terms. The natural candidates for those source terms, 
in our case, are the boundary actions. Given the anomaly-cancelation requirements, this restricts 
the possible solutions to those representing a pair of parallel three-branes corresponding to the 
orbifold planes. 

From the above discussion, it is clear that in order to find a three-brane solution, we should 
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start with the Ansatz 



dsl = a{yfdx^dx^r^^, + b{yfdy^ (4.1) 
V = V{y) 

where o and b are functions of y = x^^ and all other fields vanish. The general solution for this 
Ansatz, satisfying the equations of motion derived from action (|3.5| ), is given by 

1/2 



a = aoH 

/2 

b = boH^ H=^a\y\+co (4.2) 

V = bnH~ 



3 



where Uq, b^ and cq are constants. We note that the boundary source terms have fixed the form of 
the harmonic function H in the above solution. Without specific information about the sources, 
the function H would generically be glued together from an arbitrary number of linear pieces with 
slopes ±-^a. The edges of each piece would then indicate the location of the source terms. The 
necessity of matching the boundary sources at y = and vrp, however, has forced us to consider 
only two such linear pieces, namely y G [0,7rp] and y G [— vr/), 0]. These pieces are glued together at 
y = and np (recall here that we have identified np and — vrp). Therefore, we have 

d^H = ^a{5{y)-5{y-7Tp)) (4.3) 

which shows that the solution represents two parallel three-branes located at the orbifold planes. 

We stress that this solution solves the five-dimensional theory ( \i.5\) exactly, whereas the origi- 
nal deformed Calabi~Yau solution was only an approximation to order k?^^. It is straightforward 
to show that the linearized version of ( |4.2| ), that is, the expansion to first order in a = 
coincides with Witten's solution (|2.9| ), ( |2.10[) upon appropriate matching of the integration con- 
stants. Hence, we have found an exact generalization, good to all orders in k, of the linearized 
11-dimensional solution. 

Of course, we still have to check that our solution preserves half of the supersymmetries. When 
gaj3 and V are the only non-zero fields, the supersymmetry transformations ( p.l2| ) simplify to 

6C = '-V-'jf3d''Ve^-^ae{y)V-'{T,y^eK 

The Killing spinor equations = 0, 5C = are satisfied for the solution (|4.2| ) if we require that 
the spinor e* is given by 

^ = H'/'e^, jneh = {rs)]ei (4.4) 
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where €q is a constant symplectic Majorana spinor. This shows that we have indeed found a BPS 
solution preserving four of the eight bulk supercharges. 

Let us discuss the meaning of this solution in some detail. First, we notice that it fits into 
the general scheme of domain wall solutions in various dimensions 0. It is, however, a new solu- 
tion to the gauged supergravity action ( p. 51 ) in five dimensions which has not been constructed 
previously. In addition, its source terms are naturally provided by the boundary actions resulting 
from Hofava-Witten theory. Most importantly, it constitutes the fundamental vacuum solution of 
a phenomenologically relevant theory. The two parallel three-branes of the solution, separated by 
the bulk, are oriented in the four uncompactified space-time dimensions, and carry the physical 
low-energy gauge and matter fields. Therefore, from the low-energy point of view where the orb- 
ifold is not resolved the three-brane worldvolume is identified with four-dimensional space-time. 
In this sense the Universe lives on the worldvolume of a three-brane. 

Although we have found an exact solution to the (lowest order) low energy theory, thereby 
improving previous results, it is not clear whether the solution will be exact in the full theory. 
Strominger has argued that the all-loop corrections (corresponding to corrections to the ef- 
fective action proportional to powers of k'^^^ /V, in our notation) to the quaternionic metric of the 
universal hypermultiplet can be actually absorbed into a shift of V, so that the metric is unchanged. 
This implies that our solution would be unaffected by such corrections. On the other hand, we 
have no general argument why the solution should be protected against corrections from higher 
derivative terms. 

In any case, we believe, that pursuing the construction of five-dimensional gauged supergravities 
with boundaries, and the analysis of their soliton structure, in the way indicated in this paper 
might provide important insights into low energy particle phenomenology as well as early universe 
cosmology. 
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